Introduction
When a shock wave impinges upon a wall, it penetrates the boondary layer along the surface and both the shock wave and the boundary layer are changed from their undisturbed states. If the boundary layer remains unseparated, these mutually induced. changes take place in a small interaction region. For a turbulent boundary layer, it has been established [1] [2] [3] [4] [5] [6] [7] [8] that an asymptotic description of the interaction region requires a three layer structure. ' In the outermost layer, comprising most of the boundary layer, pressure forces are much larger than forces resulting from Reynolds or viscous stresses so the governing equations are those for an inviscid flow. For the limit process to be considered, the solutions for this inviscid flow region are those given in Part I of this paper [9] , hereafter referred to as (I). Immediately adjacent to the wall is the wall layer, in which viF coos and
Reynolds stresses dominate to lowest order. Between then :e two layers is the Reynolds stress sublayer [1] (referred to as the blending layer in reference [2] ) in which momentum transfer toward the .wall is carried out by turbulent means (Reynolds stresses); the dominant terms in the equation of motion are the Reynolds stress, pressure gradient, and inertia terms.
This paper is concerned with the analysis of the flow in the two inner layers, the Reynolds stress sublayer and the wall layer, the goal being the calculation of the shear stress at the wall in the interaction region. As indicated above, the limit processes considered are those used in (I). Thus, if a is equal to the nondimensional difference between the velocity and the critical sound speed in the flow external to the boundary layer, and u is the nondimensional friction velocity, we consider limit processes such that u << e << 1. In previous analyses for e << uT (Reference [1] ) and e = O(u T) (Reference 12D it was found that it was not possible to formulate an asymptotic criterion for. shock induced separation. Here, it will be shown that even for e >> a there is no apparent asymptotic separation criterion. However, example calculations will be used to ' show that the equation derived for the wall shear stress may be used to predict conditions for incipient separation with reasonable accuracy.
It is worthwhile reiterating the fact pointed out in (1) that for an unseparated boundary layer the solutions in the inviscid and inner layers are uncoupled. Because the inner layers are so thin, the change in pressure across them is negligible to the order retained and so the solution for the pressure found in the inviscid layer in the limit as the wall is approached is indeed the wall pressure. With this pressure distribution known, then, solutions in the inner layers may be found, leading to a relation for the wall shear stress. Thus, the unseparated flow case is a weak interaction problem. This is not the case for a laminar boundary layer and occurs for the turbulent boundary layer because the wall layer is so thin that the upstream influence of the interaction causes negligible lifting of the fluid from the wall; that is, to the order retained the V component of the velocity is zero, in the t^b inviscid layer, as the wall is approached. This point will be discussed again later.
In order to complete the formulation of the problem hi the inner layers, it is necessary to specify a closure condition. Here, we use a mixing length model, including . . the van Driest damping factor, to write an eddy viscosity [10] . Such a closure model appears to give . satisfactory results as long as the flow is unseparated [11] and has the virtue of simplicity; when the flow is separated, use of such a model gives results which have the correct trends but which do not agree well with experiment.
Z. Solutions in the Inner Layers
As in (I), transonic flow over a flat plate with a turbulent boundary layer is considered, with a normal shock wave intersecting the boundary layer; an adiabatic wall is assumed as are conditions such that the total enthalpy may be taken to be uniform throughout the_ 
) where for transonic flow, e << 1. As in (I), the problem considered here is one for which u << e << 1.
In both inner layers to be considered here, the characteristic thickness of the region is small compared to its characteristic length..
As a result, normal Reynolds and viscous stress terms may be neglected compared to the corresponding shear stress terms and the transverse pressure gradient is negligible, to the order retained in the analysis, The solutions to which these inner layer solutions must match in a direction normal to the wall are those solutions found in (I), expanded in the limit as y = Y/b 0, where b = S/L is of the order of the boundary layer thickness. In the limit as x = X/O -► -oo,
where A = A f L is of the order of the extent of the interaction region, the solutions must match with the corresponding relations in the undisturbed boundary layer. It is seen, then, that the flow problem in the inner layers of the interaction region is formulated as a boundary layer problem with a known pressure gradient. This also helps explain why an additional layer (Reynolds stress sublayer) is necessary in the turbulent boundary layer case. That is, . in either the laminar or turbulent interaction, there is an outer layer in the interaction region where pressure forces dominate over shear forces, and inviscid flow equations hold to lower orders. Obviously, then solutions in the outer layer do not satisfy the no-slip condition at the wall and a new boundary layer must be considered at the wall. In laminar flow, a boundary layer is described asymptoticAlly by a single layer and so only one 5 so called viscous sublayer is needed in the laminar interaction. However, a turbulent boundary layer has a two layer asymptotic structure;
as a result, two inner layers are needed to describe this boundary layer in the interaction region. The Reynolds stress sublayer is the equivalent of the velocity defect layer, as will be seen.
With the above remarks in mind, it is possible to write a simplified set of governing equations in which only those terms needed in either of the two layers considered here are retained. They are as
where y is the ratio of specific heats, D is the damping factor, and 2 = 0.41 is the von Karm9n constant. Since terms of order u will T be retained in the solutions,` it should be pointed out that terms such as < p' U' > /p in the continuity equation (4a), and < p' T' > in the 6 equation of state, (4e), which are of order u2, are not included because perturbati ns from the undisturbed flow values of each of these terms would be of higher than second order. Since the undisturbed flow solutions are considered known to second order, and we are interested only in the perturbations from the undisturbed flow, i,-is not n.cessary to include the terms in question. As mentioned previously, '.t is assumed that the wall is adiabatic, and turbulent and laminar Prandtl numbers are unity, so that the stagnation enthalpy is constant, as in equation
As shown. in (n," for the case E /uT > > 1 the distance from the wall to the sonic line is exponentially small compared to the thickness of the boundary layer. Sir .:e the extent of the upstream influence of the interaction region is ordered by the thickness of the subsonic region, the upstream influence is confined to a region, hereafter referred to as the inner region, which is exponentially small' in the x direction compared to the main part of the interaction region, hereafter referred to as the outer region. That is, in the x direction, the interaction region actually consists of two regions, one thin compared to the other; in the y direction, each of these regions is subdivided into the three layers mentioned previously. Following the procedure employed in (I), the solutions in the Outer region will be shown here in some detail. Because the upstream influence is confined to the inner region, the flow entering the shock wave in the outer region is simply the undisturbed flow at the point ifi question. Inner region solutions, which are found using precisely the same methods employed in the outer region, are given in reference [12] .
Reynolds Stress Sublayer
In the 
_M u01 (17) The form given by Coles [14] is used here
= 0 Y> t where II is Coles l profile parameter. The lart terms in Eqns.
(7a) and (7 b ) are due to the curvature of the wall, i.e., for a wall with convex curvature described locally by
where K << 1 and K i 0 as a 0 and a -+ 0 such that K/e -► 0. The value of the constant C is found from the solution for the flow field extern nal to the boundary layer.
If Eqn. (7a) is written in terms of the Reynolds stress sublayer varia-
ble, y, the result is
Thas; equation (11) is the equation to which U(x, y) must match as y oo .
As mentioned previously, 8 P/8 Y = 0 to the order retained here. This is easily derived from the equation of motion in the Y direction (e.g., see reference [I.. k -,,nce, the pressure as written in equation (7b) holds throughout both the Reynolds stress sublayer and the thinner wall layer.
In view of the form of equations (11) and (12), the general expansions for U and V are written as follows
The corresponding expressions for the temperature, T(x, y), and density, and substituting the resulting expression for the temperature and equation ( 
It should be noted that both aIc and Plc really denote two terms, one of order In 6 and one of order 1. They are written as one here for convenience. .Also, it is found [12] that v 1 = O(e uT), thus confirming the result used in Part I that, to the order considered here, V(x, 0) = 0 in the outer inviscid flow layer.
Insofar as fl l(x, Q) is concerned, it is seen from Equation (li) that 1 u l(x) as Q co. It will be shown later that the same functiona? da?rPnaPncP must hold as y 0. Since P l = PI(x), the solution which satisfies both matching conditions and the governing equation, (14a), is
This result has been used in deriving equations (14b) and (14c). It iseasily shown [=,12] that the solutions to equations (14b) -(14d) may be written as follows
where the Bi() are functions to be found by matching. As 4 co, the integral terms in each of equations (17) go to zero exponentially and it is seen
that the remaining terms match with their counterparts in equation (11) ... As x -► 0, for y = constant, th.; solutions satisfy the shock wave jump conditions to the relevant order, as they should. As y 0, one finds (1] the following asymptotic behavior for the integrals
where ye = Euler' s constant = 0.57721.
The solutions for U may thus be found from equation (13a), (16), and (17) . Since, as mentioned previou%y, one can find the density and temperature in terms of the velocity, using the energy equation and the equations of state, it is seen that a complete analytical solution may be found for the Reynolds s±ress sublayer in the outer region, valid to terms of order a aT.
It should be noted that the continuity equation could be used to find the term of order vl in V; since it is not used anywhere in this analysis, the solution for V is not included. Finally, it is of interest to write the solution for U in the limit as y 0 for later use in matching with the wall layer solution. 
With these orders for Y and U, and since in the interaction region X = 0(,-%) and 3P/8X = O(uT/A), it is seen that, even though a pressure gradient exists, the only terms in equation (4b) 
where w (u) 0 as u -0.
T T
Since equations (22a) must match with equation (19), in the limit as y oo, Q -► 0, it is seen that T must have an expansion of the following form 
where u1 (x) is given in equation ( 7c). Equation (27a), then, is the solution for
Tw(x) in the interaction region, including the effects of curvature in the external flow field. It has, in most respects, the same form as the equation derived by Melnik and Grossman [2) , differing mainly in the order of the various terms, the inclusion of specific analytical solutions at each order of approximation, and the inclusion of the curvature terms.
The order to make numerical calculations for a given Reynolds number, Re, and external flow Mach number, Me 1 + (y+l)e /2 + ..., it is necessary to provide relations for u and S in terms of Re . and e . One of the required equations is equation (26), with equations (20) where Te/T = 1 -(Ue/I') from the energy equation, (4d). Finally, it is necessary to write an equation for the viscosity, µ(T), to be used in equations (20) .
Here, µ = Tn was used, with calculations being performed for n = 3/4.
Finally, it should be noted that although the solutions presented here are found to orders of approximation such that pressure gradient and inertia terms were not retained in the equation of motion in the wall layer, higher order solutions involving these terms have been investigated [12] . It was found that the first terms to involve the pressure gradient were of order 6/L1 in U and of order 6/a T A in T -Thus, they give very small corrections to the solutions presented. [12] ; The solution is found in precisely the same manner as that illustrated here for the outer region and results in a solution similar to that given in Eqn. (27a). Finally, a composite solution for w could be written, using the solutions valid in the inner and outer regions. Because of the limit processes considered in this work (e >> u ), this composite solution T would show only a small variation in T for x < 0. However, since analytical solutions cannot be obtained for the pressure in the inner region, no solution for T in the inner region has been included here:
It is not possible to compare the solution for Tw with experimental results for a completely two dimensional unseparated flow because none are available.
In those cases where the flow was apparently unseparated (e.g., references [15, 16] ), Tw was not measured, and in more recent work, where T w has been measured (e.g., references [17, 18, 19] ) the flow is separated. In separated flow, the shock wave takes on a lambda configuration near the boundary layer and a relatively strong pressure gradient develops in the Y direction in the flow external to the boundary layer [18] ; the flow picture is quite different from the unseparated flow case considered here. It is seen that the measured upstream influence is not small. That is, c^/c^a is not `malt for X < -1 say, as required for this theory,so that even if the solution-for Tw for x < 0 were available, it is not expected that it would give good agreement. In fact, using the above mentioned parameters, 22 S * /S = 0. 5. where b * is the dimensionless distance to the sonic line in the undisturbed boundary layer; eviden^ly the values for Re, e , and 11 do not form a good combination for comparison with the theory. On the other hand, •a slight unsteadiness in the position of the shock wave could have contributed g to the slow variation of the measured Y fu upstream of and in the :_eighborhood of the minimum. Nevertheless, the value and the position of the minimum of cf/ c fu are predicted quite accurately Downstream of the minimum the comparison is fairly good; in this regard, however, it is interesting to note that the negative curvature seen on the calculated curve but not on this particular experimental curve, is a feature found in other experimental results which. could not be used here because small separation bubbles existed.
It is of interest at thisoint to consider the problem of predicting condi-P P P g tions under which the interaction brings the flow to the point of incipient separation. First, it is seen from equation (27a) that there is no asymptotic condition for incipient separation; that is, unlike the laminar case, in which -1/5 e s = O(Re ) is the asymptotic criterion [21] ,there is no relation between e and Re which. holds in the limit as Re oo as a condition for separation. This is an important difference between the two flows,and it is of interest to investigate the reason for its occurrence. The effect of the interaction, through the induced adverse pressure gradient, is to slow the fluid. In the boundary layer, then, the stream tubes must become wider and, . due to the co, Araint of the wall, the V velocity component increases at points away from the wall, causing the outer flow to lift away from the wall also. In the The resulting V component of velocity is large enough that the flow external, to the boundary layer is affected to lowest order so that the external and boundary layer flog s must be considered simultaneously, i.e., a strong interaction results [21, 22] . No matter how large Re becomes, this strong interaction occurs, with the thickness of the viscous sublayur and boundary layer decreasing as Re increases, according to their asymptotic dependence on Re. The sublayer momentum flux and viscous stresses decrease and the strength of the shock wave necessary to cause enough displacement of the fluid to result in separation decreases as Re increases. In the turbulent case, even for E >> aTs' the interaction is a weak interaction to lowest order because the wall layer is so thin. Thus, until separation occurs, the outward displacement of the fluid in the wall layer due to the interaction is too small to cause any effect in the lowest order solutions in the flow external to the boundary layer. A strong interaction does not occur until a separaAion bubble exists. Since there is no mechanism through which variations in the wall layer and external flows can interact, before a separation bubble is formed, it appears that no as y mptotic criterion exists for incipient separation.
However, it may be that such a criterion will result from an asymptotic solution for the separated flow problem in the limit as the size of the bubble shrinks to zero. since II depends on the pressure gradient in the undisturbed flow upstream of the interaction, the value of II on an airfoil will be different for different curvatures. For zero pressure gradient II = 0. 5, whereas for highly accelerating flow II is smaller and can become negative [25] . Therefore, at t = 0, IT = 0. 5, (K = 0) and at t = 0.015, it was decided to use a value of II for moderately accelerated flows, II = 0. The values of MeS at t = 0 can be found from figure (3) . Those at t = 0.035, for which K = 0.021 at Re = 10 6 and K = 0. 028 at Re = 10 7, were calculated, again using equation (27a). The results are shown in figure (4) . It is seen that at the conditions associated with flow over a flat plate (t=0) the calculated Al es compares very well with the value given by the line drawn through the. experimental data. On the other hand, at higher curvature (t = 0.015) the calculated values are considerably less than those found experimentally. In reference [20] there was son discussion of the fact that criteria for separation might have been too stringent in toe co-ed surface cases so that, for example, the point through which the drawn line passes at M es es = 1. 31 perhaps should have been at M = 1. 29.
If Vai.s were the case and if negative values of R were called for, the agreement at t = 0.015, would be much better.
The present results for criteria for shock induced incipient separation may be compared with theoretical predictions given by Bohning and Zierep [26] , who postulated a two layer model for the interaction region and were able to calculate an equation for c. f. Two comparisons were made, both for flat plates, at Re values of 10 6 and 5 x 10 6; these Re are in the range of resalts presented in reference [26] . At.Re = 106, the predicted values of Mes are 1. 24 and 1. 18 and at Re = 5 x 10 6 they are 1.26 and 1. 30, where the MeS calculated by the present method is the first, in each case. Thus, although the two solutions give the same Ivie s at some Re between 10 6 and 5 x 106, Bohning and Zieren' s solution shows a much greater variation of M eS with Re than that shown here. However, the present results appear to be in closer agreement with experimental measurements [23, 241 for a related problem.
The present theory could not be compared with very recent analytical results given by Inger [27] , who also used a two layer model, since conditions for incipient separation were not presented. 
